In this paper, we investigate what are Carleson measures on open subsets in the complex plane. A circular domain is a connected open subset whose boundary consists of finitely many disjoint circles. We call a domain G multi-nicely connected if there exists a circular domain W and a conformal map ψ from W onto G such that ψ is almost univalent with respect the arclength on ∂W . We characterize all Carleson measures for those open subsets so that each of their components is multi-nicely connected and harmonic measures of the components are mutually singular. Our results suggest the extend of Carleson measures probably is up to this class of open subsets.
Introduction
In this paper, we extend the concept of Carleson measures to general open subsets in the plane. This work is the continuation of [1] where s is the arclength measure on ∂G. * Recall a Carleson square C h on the unit disk D is a subset of form C h = {z = re it : 1 − h ≤ r < 1; t 0 ≤ t ≤ t 0 + h}.
A Carleson measure was originally defined as a measure µ such that µ(C h ) ≤ ch for each Carleson square on D, where c is a positive constant. L. Carleson [2, 3] established the equivalence between this definition and Definition 0.1. Fortunately, it is also possible for us to define Carleson squares on circular domains and it turns out that the definition is a natural extension of Carleson squares on the unit disk.
Let G be a circular domain with boundary components C 0 , C 1 , ... C n and let C 0 be the outer boundary. Let a i be the center of C i and let r i be the radius of the circle C i for i = 0, 1, 2, ...n. Set f 0 = z−a 0 r 0 and f i = r i z−a i for each i > 0. We call a subset of G a Carleson square if S ∩ ∂G is connected and if there is 0 ≤ i ≤ n such that f i (S) is a Carleson square on the unit disk D.
The following two theorems are the main results in [1] , which characterize Carleson measures on circular domains and also generalize a famous theorem of L. Carleson that establishes the equivalence between the Carleson measure and the Carleson measure inequality. Originally motivated by a research problem in operator theory suggested by Ronald Douglas: Can the similarity and quasi-similarity of the well-known results of W. Clary be extended to multiply connected domains? The readers may consult [4] [ p. [370] [371] [372] [373] and [5, 6, 7, 8, 9] for the topics. The quasi-similarity case was first investigated in [5] and then later in [8] , but the similarity case was only to be done recently in [9] and the extension was completed because of the research in this work. We consider the following problem: What are the natural extension of the Carleson measures from circular domains to general domains. Is there a meaningful and satisfactory extension of Carleson measures to general domains or even to general open subsets in the plane?
Carleson measures on the unit disk (or half plane) have many applications and connections in analysis. So we have reasons to believe this problem is interesting and worth of studies in its own right. Positive results toward the problem would likely have nice applications in the function theory and operator theory on planar domains (for an example, see [9] ).
Before we give the definition of Carleson measures, let us recall what are harmonic measures for a given domain in the plane.
Let G be a domain in the extended complex plane such that ∂G does not contain ∞. For u ∈ C(∂G), letû = sup{f : f is subharmonic on G and lim sup z→a f (z) ≤ u(a), a ∈ ∂G}. Thenû is harmonic on G and continuous on G, and the map u →û(z) defines a positive linear functional on C(∂G) with norm one, so the Riesz representing theorem implies that there is a probability measure ω z on ∂G such thatû(z) = ∂G udω z , u ∈ C(∂G). The measure ω z is called the harmonic measure for G evaluated at z.
The harmonic measures evaluated at two different points are boundedly equivalent . An observation is that a harmonic measure for G is boundedly equivalent to the arclength measure on ∂G if the boundary G consists of finitely many smooth Jordan curves.
With the above observation, it is clear that we can replace the arclength by a harmonic measure for G in Definition 0. 
where ω is a harmonic measure for G.
Why do we use A(G) instead of R(G) in the definition above? First, if G is a circular domain, then there is no difference. Second, when G is a circular domain, we can actually replace R(G) by H ∞ (G), the algebra of bounded analytic functions on G. However, it is impossible to use H ∞ (G) for a general domain G, so A(G) is likely the largest algebra of analytic functions on G that is most appropriate for the definition. Now the question is: Is this a natural extension? Our results show that it seems the right extension for finitely connected domains. Since the Carleson measures for infinitely connected domains are uninteresting and have little meaning in general, our definition appear to be a satisfactory one also.
In this work, we characterize all Carleson measures on multi-nicely connected domains. Moreover, our results, together with our comments and conjectures, suggest that this is the largest class of finitely connected domains on which Carleson measures are meaningful.
In Section 1, we study Carleson measures on multi-nicely connected domains, and in Section 2 we extend the result in Section 1 to those open subsets whose components are multi-nicely connected and the harmonic measures of the components are mutually singular. [10] , [11] and [4] are good references for basic concepts related to this work.
Carleson Measures On Finitely Connected Domains
Let G be a finitely connected domain whose boundary contains no single point component.
It is a classical result that G is conformally equivalent to a circular domain in the complex plane. Since we already know what are the Carleson measures on circular domains, we wish to characterize Carleson measures on general domains vis conformal maps.
The following proposition says that the conformal image of a Carleson measure on a circular domain is also a Carleson measure. Proposition 1.1 Suppose G be a domain conformally equivalent to a circular domain W . If a positive finite measure µ on G is mapped to a Carleson measure on W by a conformal map from W onto G, then µ is a Carleson measure.
Proof. Suppose µ = τ • φ, where τ is a Carleson measure on W and φ is a conformal map from G onto W . By our definition, there is a positive constant C such that for all
where
Since W is a circular domain, it is a classical result that the boundary value function of g • φ −1 can be approximated by a sequence
to denote this boundary value function, then the above inequality implies that
So, we have
Therefore, it follows that
Hence, µ is a Carleson measure on G. Later on, we will see: not every Carleson measure on G is generated in this way if G is a general finitely connected domain. However, as the following Theorem 1.1 shows that for the class of multi-nicely connected domains, it is the case.
Let G be a domain conformally equivalent to a circular domain W and let α be a conformal map from W onto G. By Fatou's theorem, α has nontangential limits at almost every point of ∂W with respect to the arclength measure. So α has a well-defined boundary value function up to a set of zero arclength measure. We call G is a multi-nicely connected domain if α is almost 1-1 on ∂W with respect to the arclength measure on ∂W . If G is also simply connected, we call G nicely connected (a terminology used in [12, Glicksburg] ).
The following result is the main theorem in [13] :
Theorem A. Let G be a bounded open subset such that each of its components is finitely connected and the components of G have no single point boundary components. Then in order that for every function in H ∞ (G) be the pointwise limit of a bounded sequence in A(G) it is necessary and sufficient that the harmonic measure of the components of G are mutually singular and each component of G is multi-nicely connected.
The following theorem gives a characterization of Carleson measures on multi-nicely connected domains. Proof. Necessity. Since G is conformally equivalent to W and since G is multi-nicely connected, there exists a conformal map ψ from W onto G such that the boundary value function of ψ is univalent almost everywhere on ∂W . We also use ψ to denote its boundary value function. So there is a measurable subset E with full harmonic measure so that ψ is univalent on E. Thus, ψ −1 is well-defined on ψ(E), which has full harmonic measure. Let ω denote a harmonic measure for G.
Since G is a multi-nicely connected, it follows (Theorem A) that g • ψ −1 is the limit of a bounded sequence of functions in A(G). This, in turn, implies that g is the weak-star limit of a sequence of functions of
In fact, Suppose that the inclusion does not hold. Then using Hahn-Banach theorem, we can find
Let {g n } be a sequence such that it weak-star converges to x. Then by the definition of weak-star topology, we have
In particular, the above equality holds for h and so we get that xh dω = 0, which is a contradiction. Now fix such a number q. For any function g in A(W ), choose a sequence
Since ω •ψ is boundedly equivalent to the arclength measure on ∂W , we conclude that µ•ψ is a Carleson measure on W . Hence, it follows by Proposition 1.
Sufficiency. This directly follows from Proposition 1.1. Proof
Proof. It is well-known that the conclusion of the corollary is true if G is the unit disk. Combining this fact with the proof of Theorem 0.2, we see that Corollary is also true when G is a circular domain. Therefore, it follows by Theorem 1.1 that the conclusion holds for multi-nicely connected domains.
Now an interesting question is raised:
For what domain G on which every Carleson measure µ is of the form τ • φ, where τ is a Carleson measure on W and φ is a conformal map from a circular domain G onto W ?
We guess that the answer to the question is: G is a multi-nicely connected domain. We are unable to prove this conjecture though we strongly believe it is the case. Nevertheless, we can prove the following:
Suppose G is a domain such that every Carleson measure µ on G is of the form τ • φ. Then no point of ∂G can have such a neighborhood V for which V \ ∂G ⊂ G and ∂G ∩ V is smooth Jordan arc.
We outline a proof of this fact in the following:
Suppose such a domain V exists. We first assume that V is a Jordan domain with smooth boundary. An application of Morera's theorem (see [14] ) shows that A(G) = A(G ∪ V ). Moreover, we next show that V is contained in the set of analytic bounded point evaluations for
Recall a point w in the complex plane is called an (abpe) analytic bounded point evaluation for A q (G, ω) if there is a positive number c and a neighborhood V w of w such that for every z ∈ V w |f (z)| ≤ c f L q (ω) , f ∈ A(G). We use ∇A q (G, ω) to denote the set of abpes (consult [4] for abpes).
Let ω 1 denote the sum of the harmonic measures of the (two) components of V \ ∂G. Then ω 1 is supported on ∂(V \ ∂G). By Harnack's inequality, we see that V \ ∂G is contained in ∇A q (V, ω 1 ). Since the restrictions of ω 1 to the boundaries of the components of V \ ∂G are not mutually singular, we see that ∇A q (V, ω 1 ) = V \ ∂G. So ∇A q (V, ω 1 ) is a simply connected domain such that V \ ∂G ⊂ ∇A q (V, ω 1 ) ⊂ V. According to Lemma 3 in [15] (or see the main theorem in [16] ), ∇A q (V, ω 1 ) must be nicely connected. Since V ∩ ∂G is a smooth Jordan arc, it follows that ∇A q (V, ω 1 ) = V . Using the maximum principle, it can be shown that ∇A q (V, ω 1 ) ⊂ ∇A q (G, ω). Hence, we have that V ⊂ ∇A q (G, ω). This proves the claim.
Evidently, we can use a Jordan domain with smooth boundary to replace V if it is not one. Moreover, we certainly can require that V ⊂ ∇A q (G, ω). Therefore, it follows from the definition of analytic bounded point evaluations that there is a positive constant C such that for each z ∈ V
Let α be a conformal map from W onto G and let S be a Carleson square contained in W such that α(S) ⊂ V . Choose a positive non-Carleson measure ν on W so that the support of ν is contained in S (the existence of such a measure is no problem).
, where c 1 is a positive constant. Thus, by definition µ is a Carleson measure on G. Now, our assumption implies that µ = ν • α −1 = τ • φ, where τ is a Carleson measure on W and φ is a conformal map of G onto W . Consequently, we have that ν = τ • φ • α, which implies that ν is a Carleson measure on W . This contradicts our choice of ν and hence the proof is complete. Recall the connectivity of a connected open subset is defined to be the number of the components of the complement of G. The Riemann mapping theorem insures that all simply connected domains (i.e. those domains having the connectivity 1) are conformally equivalent. However, the same is not true for the domains having higher connectivity. Because of this, the characterization of Carleson measures in Theorem 1.1 does not give us complete satisfaction.
Next, we give another characterization of Carleson measures in Theorem 1.2, which, together with Theorem 1.1, completes the picture of Carleson measures on multi-nicely connected domains.
We first prove the following lemma.
Lemma 1.1 Let G be a multi-nicely connected domain and let µ be a positive finite measure on G. Let E be a compact subset of G. Define µ E = µ|(G \ E). If µ E is a Carleson measure on G, then µ is a Carleson measure on G.
Proof. We first assume that G is a circular domain. Suppose that µ E is a Carleson measure G. By definition, there exists a positive constant C such that for each q ∈ [1, ∞)
where ω is a harmonic measure of G. Fix such a number q. Let {f n } be a sequence of functions in A(G) such that it converges to zero in L q (ω). Since G is a circular domain, it is a classical result that {f n } converges to zero uniformly on compact subsets of G. This together with the inequality above implies that lim
. Then, it follows that the linear operator A, from A q (G, µ) to A q (G, ω), densely defined by A(f ) = f for each f ∈ A(G) is continuous. Therefore, we have
Applying Corollary 1.2, we conclude that µ is a Carleson measure on G. Finally, using Theorem 1.1, we conclude that the lemma holds for an arbitrary multinicely connected domain.
The next theorem gives another characterization of Carleson measures on nicely connected domains, which also generalizes Theorem 0.2.
Theorem 1.2
Suppose that G is a multi-nicely connected domain. Let {E n } l n=0 be the collection of all components of ∂G, and let G n be the simply connected domain containing G and having E n as its boundary in the extended plane. Let f n denote a Riemann map of G n onto D. Then a positive finite measure µ on G is a Carleson measure if and only if
Proof. Sufficiency. Suppose that µ • f −1 n is a Carleson measure on D for each 0 ≤ n ≤ l. Fix an integer n ≤ l and let α be a conformal map of G n onto D. Thenα(G) ⊂ D. By our hypothesis, G n is a nicely connected domain.
Let ǫ is a sufficiently small positive number so that
and define a measure ν n by let ν n be the restriction of µ • α −1 on R ǫ . Then, our hypothesis implies that ν n is a Carleson measure on D. An application of Theorem 0.2 shows that ν n is a Carleson measure on R 2ǫ . Since R 2ǫ ⊂ α(G), we can choose a harmonic measure ω R 2ǫ for R 2ǫ and a harmonic measure ω α(G) for α(G) so that they have the same evaluating point. Then, there exists a positive constant c such that for each q ∈ [1, ∞)
Since G is multi-nicely connected and α is a conformal map onto a circular domain D, it is not difficult to see that α(G) is also a multi-nicely connected domain. So A(α(G)) is pointwise boundedly dense in H ∞ (α(G)). Therefore, we have that for each q ∈ [1, ∞)
where ω is a harmonic measure for G. By definition, ν n • α is a Carleson measure on G. Therefore, if we set ν = l n ν n=1 , then ν is a Carleson on measure G. Lastly, applying Lemma 1.1, we conclude that µ is a Carleson measure on G.
Necessity.
Suppose that µ is a Carleson measure on G. Fix an integer n ≥ 1. Let W be a circular domain conformally equivalent to G. Let λ be a conformal map from G n onto W , which is the disk having the outer boundary of W as its boundary. According to Corollary 1.1, µ • λ −1 is a Carleson measure on λ(G). Now, let τ denote the Riemann map from W onto D that sends the center of W to the origin and has positive derivertive at the center point of W . Then it follows by Theorem 0.2 that
Carleson measures on open subsets
Let G be an open subset with components G 1 , G 2 , ...G n , ... on the plane. Recall that a harmonic measure for G is defined to be ω = 2 −n ω Gn , where ω Gn is a harmonic measure for G n . Observe that ω is a measure supported on ∂G.
Note, if G has only finitely many components, then two harmonic measures for G are still boundedly equivalent. But this is no longer true when G has infinitely many components. 
The definition of Carleson measures is still independent to the choise of the harmonic measure ω when G has only finitely many components. Conjecture 1.1 suggest that Carleson measures on non-multi-nicely connected domains are uninteresting. So in this section, we shall only consider those open subsets whose components are all multi-nicely connected domains.
In the following lemma, G is an open subset with components {G n } n≥1 and ω denotes a harmonic measure for G.
Lemma 2.1 Suppose that each G n is a multi-nicely domain and the harmonic measures of the components of G are mutually singular. Then a positive finite measure µ on G is a Carleson measure if and only if there is a positive constant C such that for each q ∈ [1, ∞) and for each n ≥ 1
where F n is a carrier of a harmonic measure of G n for each n.
Proof. Necessary. Suppose that µ is a Carleson measure on G. Then there is a positive constant C such that for each q ∈ [1, ∞)
By Theorem A, we see that our hypothesis implies that each function in H ∞ (G) is the pointwise limit of a bounded sequence of functions in A(G).
Fix an integer n and pick a function r ∈ A(G n ). Let χ Gn∪Fn denote the characteristic function of G n ∪ F n . Then there is a bounded sequence in A(G) such that it pointwise converges to rχ Gn∪Fn on G n . But this, together with our hypothesis, implies that rχ Gn∪Fn (actually, the boundary value function χ Gn∪Fn on ∂G) is in the weak-star closure of A(G) in L ∞ (ω). Thus, it follows that rχ Gn∪Fn belongs to the mean closure of A(G) in L q (ω) for all q ∈ [1, ∞). Fix a number q ∈ [1, ∞) and choose a sequence of functions
Therefore, we conclude that for each r ∈ A(G n )
Sufficiency. Observe that µ(G) = µ(G n ) and ω(∂G) = ω(F n ). So it follows evidently that the conclusion is true.
Recall that we define ω = n=1 1 2 n ω n , where ω n is a harmonic measure for G n . The condition in Lemma 2.1 is made on ω. If we replace ω|F n by ω n in Lemma 2.1, then we have our main theorem of the section: Theorem 2.1 Suppose that each G n is multi-nicely connected and the harmonic measures of the components of G are mutually singular. Then a positive finite measure µ on G is a Carleson measure if and only if each µ|G n is a Carleson measure and there is a sequence of positive numbers {c n } n=1 such that {c n } ∼ {
Proof. Necessity.
Suppose that µ is a Carleson measure on G. Let F n denote a carrier of ω n . According to Lemma 2.1, there is a positive constant C such that for each n ≥ 1 and for each q ∈ [1, ∞)
By our hypothesis, we have ω n ⊥ ω m (if n = m). So the definition of ω implies that ω|F n = ωn 2 n . It follows that for each n ≥ 1 and each q ∈ [1, ∞)
In particular, this says that µ|G n is a Carleson measure on G n for each n. Moreover, when q = 1, we have that for each n ≥ 1
Since µ|G n is a Carleson measure and G n multi-nicely connected, it follows by Corollary 1.2 that for each n ≥ 1 and for all q ∈ [1, ∞)
Sufficiency. Suppose that there is a sequence of positive numbers {c n } n=1 such that
Then there is a sufficiently large integer N such that c n ≤ Consequently, for each r ∈ A(G) we get that
Therefore, µ is a Carleson measure on G.
Remark 2.1 When n = ∞, the definition of Carleson measures we employ as in Definition 2.1 depends on the choice of the harmonic measure ω. In fact, we define a harmonic measure as: ω = 1 2 n ω n . Clearly, we can chose another sequence of positive numbers {b n } so that ω b = b n ω n is also a probability measure and ω b clearly can also be called a harmonic measure. Though For an open subset with finitely many components, we have: Using the same proof as in the comments before conjecture 1.1, we can show that if G satisfies the condition of the above conjecture, there is no point in ∂G can have a neighborhood V for which V \ ∂G ⊂ G and ∂G ∩ V is a smooth Jordan arc.
